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ABSTRACT 
Finite Element Analysis of Composite Piezoelectric Beam Using Comsol  
Metwally R. Emam 
Kimberly A. Cook-Chennault, Ph.D. 
 
The purpose of this study is to illustrate the detailed steps of modeling a composite 
cantilever beam consists of two piezoelectric material layers that sandwich a layer of 
stainless steel. The modeling is to find the direct piezoelectricity relation in the beam 
when an external load is applied at the free end of the beam. The modeling is performed 
by using the finite element analysis software, COMSOL Multiphysics, MEMS modules, 
version 3.3. The simulation is divided into three main parts, each part uses different 
piezoelectric material. Part 1 is designated to the modeling of the beam when the two 
piezoelectric layers are of Lead zirconate titanate (PZT) material (T105-H4E-602, Piezo 
systems Inc., Cambridge, MA). Part 2 uses the piezoelectric material PMN32. Where, 
Part 3 is for the piezoelectric material of PMN28. Additionally, in each part, there are 
three different analysis types that are considered, Static, Eigenfrequency, and Time-
Dependent Analysis.  The purpose of the static analysis is to find the magnitudes and 
locations of the maximum strain, stress, and electrical potential on the cantilever beam 
when an external static load is applied to the beam’s free end. The eigenfrequency 
analysis is then performed to find the first six modes of frequencies and the deformation 
pattern of the beam. The time-dependent analysis is used to solve for the transient 
solution when the applied external load is time dependent and has a frequency that is 
close to the beam’s 1st natural frequency. Such a dynamic load should cause the beam to 
have maximum strain, stress, and electrical potential than a dynamic load with a 
frequency further away from the beam’s natural frequency.    
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1. INTRODUCTION 
 
As illustrated in Figure 1 and Table 1, the cantilever beam is constrained with zero 
displacement in all directions on the left side, and free at the right side. The top and 
bottom layers are of a material that has piezoelectric properties, whereas, the middle 
layer is of stainless steel material. 
 
 
 
 
 
Figure 1: Three layers cantilever beam 
 
 
 
Table 1: The cantilever beam dimensions 
Layer Length (mm) Width (mm) Height (mm) 
Top 31 9.5 0.127 
Middle 31 9.5 0.050 
Bottom 18 9.5 0.127 
 
 
 
Piezoelectric   
Stainless Steel 
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2. SIMULATION PROCEDURES AND RESULTS 
  
2.1. LEAD ZIROCONATE TITANATE (T105-H4E-602) ANALYSIS: 
 
Within this part the FEA analysis is carried out when the top and bottom layers of are of 
the piezoelectric material Lead zirconate titanate (T105-H4E-602), and the middle layer 
is of stainless steel material.  
 
2.1.1. Static Analysis:  
Following are the modeling steps of the static analysis 
 
1- Space Dimension:  2D 
 
2- Modules Type:  
There are 2 modulus used in this Analysis, one for the solid material of the steel 
which found at (MEMS Æ Structural mechanics Æ Piezo Plane Stress Æ Static 
analysis), and another for the piezoelectric material found at (COMSOL 
Multiphysics Æ Structural mechanics Æ Plane Stress Æ Static analysis).  
 
3- Geometry: 
The cantilever beam consists of three layers as shown in Figure 1 with the 
dimensions stated in Table 1.  
 
4- Boundary settings: 
Since the analysis involves piezoelectric material, there are two different set of 
boundary conditions the user has to set. First is the mechanical boundary 
conditions, second is the electrical boundary conditions. In terms of the 
mechanical boundary conditions, the three vertical surfaces on the left side of the 
beam are constrained with zero movement, while all other surfaces are free. For 
the electrical boundary condition, the bottom surface of the cantilever beam is set 
as ground, the top surface set as Zero Charge/Symmetry. These boundary 
conditions are illustrated in table 2.   
 
 
 
Table 2: Mechanical and electrical boundary condition settings  
Boundary 
Condition 
Value Location 
Displacement Fixed 
 
 
Electrical 
Charge 
Ground 
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Electrical 
Charge 
Zero 
Charge/Symmetry
Load -10 E04 N/m2 
 
 
 
 
Appendix A.1 illustrates how these boundaries can be set in COMSOL: 
 
5- External load: 
The beam’s free end, i.e. the right edge, is subjected to an arbitrarily chosen 
external load of 100 KN/m2 in the (-y) direction.  Assigning load can be set in 
COMOSL as illustrated in appendix A.1.   
 
6- Material properties: 
The top and bottom layers are specified as Lead zirconate titanate (T105-H4E-
602)1.  The material properties are defined in the stress-charge form, in which the 
user has to specify the elasticity matrix, the coupling matrix, the relative 
permittivity matrix, and the density. These matrices are defined as follow: 
 
Elastic Matrix CE: 
Pa
e
e
e
eee
eee
eee
C
⎥⎥
⎥⎥
⎥⎥
⎥⎥
⎦
⎤
⎢⎢
⎢⎢
⎢⎢
⎢⎢
⎣
⎡
=
1039.200000
01030.20000
001030.2000
0001135.11101.11101.1
0001101.11144.11057.9
0001101.11057.91144.1
 
 
Coupling matrix e: 
2/
0002403.238559.108559.10
000345.17000
0034.170000
mce
⎥⎥
⎥
⎦
⎤
⎢⎢
⎢
⎣
⎡
−−
=  
 
Relative permittivity matrix: 
                                                 
1- (T105-H4E-602, Piezo systems Inc., Cambridge, MA) 
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⎢
⎣
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=
90200
04.17040
004.1704
rsε  
 
Density: 
 ρ = 7800 kg/m3 
 
These material properties can be set in COMSOL as follow: 
Physics menu Æ Subdomain settings then choose the layer for the left sub 
window. This is illustrated in appendix A.2.   
 
7- Meshing: 
The cantilever beam is meshed by using the standard meshing tool at 4037 
elements, 2313 number of mesh points, and 23513 number of degrees of freedom. 
Since the beam is very thin, the following figure illustrates only small portion of 
the beam’s left side to view the mesh density. The optimal mesh density is 
determined by gradually increasing the mesh density starting with a coarse mesh 
and finding the corresponding final results. By following this method, it was 
found that as the mesh density increases the final results changes as well by a 
considerable value. At the mesh density of 4037 elements it is found that any 
increasing in the mesh density will have a very small impact on the final results. 
Therefore, we can stop refining the mesh at a mesh density of 4037 elements. For 
instance for the mesh density of 4037 elements, the maximum electrical potential 
is found as 19.609 V, where for mesh density of 64,592 elements it is found as 
19.611 V, i.e. the change is about 0.01%.    
 
 
 
 
Figure 2: Mesh density of 4,037 elements 
 
 
 
 
Figure 3: Mesh density of 64,592 elements 
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 8- Solving: 
 At this stage the model is ready to be submitted for the static analysis. 
 
9- Postprocessing:  
In the Postprocessing stage, we can view the results of the analysis such as 
displacement, strain, stress, and electrical potential. 
 
Displacement: 
The static analysis shows that the beam has been deflected downward, in (–y) 
direction, which is in the same direction of the applied external load. Also, as 
illustrated in the following figure, the maximum displacement is recorded at the 
beam’s free end and estimated as (797.5 μm) which is greater than twice the 
beam’s thickness. 
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Figure 4: Displacement profile for T105-H4E-602 static analysis 
 
 
 
Strain: 
As it is expected, the maximum strain will occur at the beam’s fixed end. 
However, due to the geometry of the beam, there is another area of high stain at 
the end of the bottom piezoelectric layer due to the sudden change in the beam’s 
cross section. The analysis is showing that the maximum strain occurs at the 
beam’s fixed end, about (3.825e-4), and that the strain at the area of changing the 
cross section is slightly higher than its neighboring area, but not higher than the 
area of the beam’s fixed end. This is illustrated in figure 5.   
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Figure 5: Strain profile for T105-H4E-602 static analysis 
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Stress: 
Similar to the strain, the stress distribution is very similar to the strain 
distribution. The maximum stress is found at the beam’s fixed end at (28.94 MPa) 
and some high stress at the area of changing the cross section, as illustrated in 
figure 6. 
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Figure 6: Stress profile for T105-H4E-602 static analysis 
 
 
 
Electrical potential: 
Since the relationship between stress, strain, and the electrical property is direct, it 
is expected to find the maximum changes in the beam’s electrical properties in the 
same area of maximum strain and stress. In both of the 2 piezoelectric material 
layers, the deformation pattern causes tension at the top surface and compression 
at the bottom surface. This is due to the generated bending moment along the 
length of the beam. The change of the stresses from tension on the top to 
compression on the bottom have caused the change in the sign of the generated 
electrical potential from the top to the bottom surface of the beam as illustrated in 
the following figure. Additionally, the maximum electrical potential is found as 
(±19.609 V) at the beam’s fixed end, and zero at the beam’s free end. 
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Figure 7: Electrical potential profile for T105-H4E-602 static analysis 
  
17
Electrical field, norm: 
The maximum electric field norm found at the beam’s fixed end as (3.275e5 
V/m), and the minimum found at the beams free end as (23.79 ≈ 0.0 V/m), as 
illustrated in the following figure. 
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Figure 8: Electrical field profile for T105-H4E-602 static analysis 
 
 
 
Results Summary: 
   
 
 
Table 3: Results summary of static analysis 
 Displacement 
(mm) 
Strain 
(unite less) 
Stress 
(MPa) 
Electrical 
Potential 
(V) 
Electric Field 
norm (V/m) 
Maximum 0.797 3.825e-4 28.94 19.609 3.275e5 
 
 
 
2.1.2. Eigenfrequency Analysis: 
The purpose of the eigenfrequency analysis is to find the first 6 modes of frequency 
of the cantilever beam and their corresponding shape of deformation. These modes of 
frequency values are used later in finding the beam’s damping factor, and in setting 
the excitation frequency that makes the beam vibrates near its resonance and, 
therefore, gives maximum electrical potential.  
Since the beam’s geometry, material types, and boundary conditions of the static 
analysis are the same in the eigenfrequency analysis, the static analysis model can be 
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used in carrying out the eigenfrequency analysis after the following adjustments. 
These adjustments are mainly changing the analysis type. This could be done by 
accessing the “solver parameters” window and selecting eigenfrequency in the left 
corner in the analysis menu as illustrated in appendix A.3.  
Another adjustment is removing the external load off the beam’s free end. This is can 
be done by accessing the “Boundary Settings” from the “Physics” menu. In the 
“boundary setting window” the external load should be removed off the beam’s free 
end as illustrated in appendix A.3. After making these two modifications to the 
model, we can then run the solver and view the results. 
 
 Solving: 
The user has to click on solve to submit the model for eigenfrequency analysis.  
 
Postprocessing: 
The modes of frequency can be viewed from the “plot parameters” window Æ 
General in which the user can open the menu of the “Eigenfrequency” to view all 
the modes of frequency values. The values of the modes of frequency and their 
corresponding deformation shapes are illustrated in the following table. 
 
 
 
Table 4: Natural frequency values and deformation shapes 
Mode Eigenfrequency (Hz) Deformation Shape 
1 201.66 
 
2 899.68 
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3 2,468.88 
 
4 4,795.66 
 
5 7,930.29 
 
6 11,916.04 
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2.1.3. Time-Dependent Analysis: 
 Time dependent analysis solves for the static solution when the time variable is 
considered. It provides a solution that is dependent on time. At zero time the time 
dependent solution is identical to the static solution. In this analysis the load is 
applied as a harmonic load with the same amplitude that was used in the static 
analysis, 10e04 N/m2. Since the first mode of natural frequency of the beam is 201.67 
Hz, an excitation frequency of 215 Hz would be a good choice for the applied 
external dynamic load which is chosen arbitrarily.  Practically, any structure that 
vibrates exactly at its resonance is subject to failure due to reaching the maximum 
strength of the structure’s material.2  It is desired to know the resonance of the beam 
and then excite the beam with a frequency that is near the resonance to obtain higher 
vibration without breaking the beam. As the excitation frequency gets closer to the 
resonance frequency, it is expected that the beam’s frequency will increase and the 
electrical properties will increase as well. It is much interesting to find the pattern of 
the relationship between the beam’s resonance and the change in the excitation 
frequency. Therefore, another excitation frequency of 250 Hz is tried and the results 
are presented in the summery section at the end of the paper. This excitation 
frequency will make the beam’s vibrates near its resonance frequency, and therefore, 
gives high electrical potential. The load can be expressed as a sinusoidal harmonic 
load function and can be written as follows: 
 
)2sin( ftFF y π=    (1) 
Where, Fy is the harmonic load, F is the amplitude of the external force in Newton, f 
is the frequency of the excitation in Hz, and, t is the time in seconds. Therefore, the 
harmonic load can be written as follows: 
 
)2152sin(410 teF y π−=   (2)  
Damping is very important in the analysis of time-dependent in order to get results 
that are close to the reality.  However, it is possible to use no damping. The model of 
transient analysis in COMSOL uses the Rayleigh damping. This damping is 
represented as the following equation: 
 
KMC βα +=     (3) 
 
Where C, is the damping matrix, M, is the mass matrix, and K, is the stiffness matrix. 
In order to find the damping coefficients, α and β, we need to use the relationship 
between the critical damping ratio and the Rayleigh damping parameters which are 
giving by: 
 
                                                 
2-  “Quasi-Failure Analysis on Resonant Demolition of Random Structural Systems”, Yimin Zhang; Qiaoling Liu; 
Bangchun Wen, AIAA Journal 2002, 0001-1452 vol.40 no.3 (585-586) 
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⎥⎦
⎤⎢⎣
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⎤⎢⎣
⎡
⎥⎥
⎥⎥
⎦
⎤
⎢⎢
⎢⎢
⎣
⎡
2
1
2
2
1
1
2)2(
1
2)2(
1
ζ
ζ
β
α
w
w
w
w    (4) 
 
Whereζ , is the critical damping ratio at a specific angular velocity, w . Therefore 
we can use pairs of corresponding, ζ and w , to solve for the damping parameters, 
α  andβ . This is done by the following MatLab code in which 100 Hz and 300 Hz 
were selected as they are near the excitation frequency of 215 Hz and the structure 
constant damping ratio was substituted by 0.1. 
 
>> b=[0.1;0.1]; 
>> A=[1/(2*100*2*pi) 2*pi*100/2; 1/(2*300*2*pi) 2*pi*300/2]; 
>> dampCoefficients=A\b 
 
dampCoefficients = 
 
  94.2478 
    0.0001 
 
 
Modeling: 
Since the geometry, material, boundary conditions, and constraints are the same of 
the static analysis model, therefore, the static analysis model can be used with the 
addition to the following modifications: 
 
1- Changing the analysis type to time dependent analysis as follows: 
Solve menu Æ solver parameters Æ Analysis type Æ time dependent.  
This is illustrated in Appendix A.4. 
 
 
2- Set up the load to a harmonic load that follows the following equation: 
 
 ).215.2sin(.410 teFy π−=   (5) 
This can be done through the dialogue box of the “Boundary Settings” as illustrated 
in Appendix A.4. 
 
3- Set the damping factors that are found in the “Subdomain Settings” dialogue box. 
 
4- The last step before solving is setting the time span of the generated solution. Since 
the load is following a sinusoidal shape, we need to solve the model for at least 2 
cycles. However, solving for many cycles would show the actual results after the 
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damping effect has taken place. Therefore, solving for 15 cycles should be long 
enough to give a good sense about the trend of the results. Additionally, solving for 
more or less number of cycles would not affect the results. After deciding how many 
cycles for the time span, we need to calculate how much time it would take to reach 
for these 15 cycles. First, the selected excitation frequency is 215 Hz, which means 
that the beam will have 215 cycles in 1 second. Therefore the time for 15 cycles is 
15/215, i.e. 0.069767 sec. Second, we can select 0.001163 sec as the time intervals so 
that the model will be solved at least 4 points within each time cycle, i.e. 60 times 
within the total solving time. As illustrated in the following figure, the reason for 
choosing 4 points is to catch the top highest and lowest peaks (points 1 and 3) in the 
sine curve.  However, increasing the number of points will definitely give better 
representations of the sinusoidal curve. If the interest of the analysis is to find the 
maximum and minimum values of the sine curve, therefore, the least number of 
points we can choose is 4. For instance, the choice of 6 points, as illustrated in the 
figure, will give smoother curve but will not record the actual maximum and 
minimum peak in the curve. Therefore, the chosen number of point should be always 
a multiple of 4. 
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Setting the solving time intervals and the span of the solution total time span could be 
configured in COMSOL by typing the times numbers in the “Solver Parameter” 
dialog box as shown in Appendix A.4. 
 
5- Solve: 
 Now the model can be submitted for time-dependent analysis. 
 
6-Postprocessing: 
After submitting the model for analysis, one goes through the Postprocessing 
menu to view any desired results. In this section, the focus would be in finding the 
maximum displacement, stress, strain, electrical potential, and electrical field, 
norm.  
 
Displacement: 
To view the displacement with respect of time, one can choose either a point or a 
line cross section within the beam body and plot its displacement values against 
the time progress. The figure in Appendix A.4 illustrates the displacement of a 
point located at the beam’s free end, where, it is expected to have the maximum 
displacement. After clicking on Apply in the previous window, a new window 
will pop up with the relation between the displacement and time. This window is 
illustrated in the following graph. From this graph, one can conclude that the 
beam will start to displace about 0.95 mm at the first 0.003 second which is 
slightly higher than the displacement found in the static analysis of 0.797 mm. 
However, as the time progress, the beam’s displacement starts to increases to a 
maximum of about 2.4 mm and then it follow a pattern of sinusoidal wave due to 
the external excitation of the dynamic load. Since this analysis is dynamic 
analysis that includes a dynamic force that is continuously vibrates at 215 Hz, the 
pattern of the beam’s vibration won’t show the effect of damping. In this analysis 
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at is apparent that the beam after few milliseconds would follow the pattern of the 
external excitation.  
. 
 
 
 
Figure 9: Displacement profile for T105-H4E-602 static analysis with run of 15 cycles 
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Figure 10: Displacement profile for T105-H4E-602 static analysis with run of 30 cycles 
  
 
 
Stress: 
In viewing the stress distribution along the beam, it is preferred to choose a line 
cross section to view the stress along the beam surface. The method of 
configuring a line cross section a long the beam’s top surface is shown in 
Appendix A.5. After configuring the previous window and clicking on Apply, we 
will get the following graph which shows the distribution of stress along the 
beam’s top surface. From this figure we can notice that at the beginning there is a 
considerably low stress generated at the beam’s fixed edge and at the location 
which the beam experience change in the cross section area. As the time progress, 
these stresses start to increase to maximum of (95.92 MPa) at the fixed end and 
then it goes to zero, then it goes back to maximum and then to zero again, and so 
on following a sinusoidal vibrating mode. 
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Figure 11: Stress profile for T105-H4E-602 time dependent analysis 
 
 
 
For better illustration, the above figure is presented in different 2-D coordinates 
instead of 3-D. The following figure’s 2 axes are representing the beam surface 
(x-axis) and time progress (y-axis), and the discoloration is representing the 
change in the stress.  
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The following figure’s 2 axes are representing the time (x-axis) with respect to the 
maximum stress value (y-axis), and the discoloration is representing the change in 
the stress.  
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The figure’s 2 axes represent the maximum stress values (x-axis) with respect to 
the beam’s surface (y-axis), and the discoloration is representing the change in the 
stress. From this figure, it is seen that the maximum stress is at the beam’s fixed 
end.   
 
Strain: 
 The same line cross section that is used in the stress distribution is used to 
view the strain distribution as well. The following dialogue window was used 
previously to view the stress distribution. To view the strain distribution for the 
same cross section, the only needed change is to change the “Predefined 
quantities” into first principal strain as illustrated in Appendix A.6. 
After configuring the previous window and clicking on Apply, we will get the 
following graph which shows the distribution of strain along the beam’s top 
surface. From this figure we can notice that the pattern of strain is very similar to 
the pattern of stress, which is expected due to Hook’s law. In this pattern, there is 
a considerably low strain generated at the beam’s fixed end and at the location 
which the beam experience changes in the cross section area. Also, as the time 
progress, these strains start to increase to a maximum of (1.233e-3) at the fixed 
end and then it goes to zero, then it goes back to maximum and then to zero again, 
and so on following a sinusoidal vibrating mode similar to the excitation 
frequency. 
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Figure 12: Strain profile for T105-H4E-602 time dependent analysis 
 
 
 
The above figure is presented below in 3 different views of 2-D coordinates. The 
following figure has 2 axes that are representing the beam surface (x-axis) and the 
time progress (y-axis), and the discoloration is representing the change in the 
strain. From the discoloration pattern, we can see that the strain goes to maximum 
and then to zero at the beam’s fixed end.  
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The following figure has 2 axes that are representing the time (x-axis) and the 
maximum strain values (y-axis), and the discoloration is representing the change 
in the strain. From the discoloration pattern, we can see that the strain at the 
beginning is not at maximum, where, it starts to escalade after the couple of 
cycles in which it follows a sinusoidal pattern.  
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The following figure has 2 axes that are representing the maximum strain values 
(x-axis) with respect to the beam’s surface (y-axis), and the discoloration is 
representing the change in the strain. From this figure, it is seen that the maximum 
strain is at the beam’s fixed end, and that there is a considerably low strain at the 
location where the beam cross section change. 
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Electric Potential: 
From the direct piezoelectricity relationship, the maximum electric potential 
exists at the area that has maximum strain. Therefore, it is expected to find the 
maximum electric potential at the beam’s fixed edge. To show the electric 
potential distribution along the beam’s top surface, we will need to use the same 
line cross section, used above, and selecting “Electrical Potential” in the 
“Predefined quantities”, as illustrated in Appendix A.7. 
After clicking on Apply, we will get the following graph which shows the 
distribution of electrical potential along the beam’s top surface. From this figure it 
is seen that the electric potential is maximum (±77.258 V) at the beam’s fixed 
end, and change from maximum to minimum with respect to time.  
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Figure 13: Electrical potential profile for T105-H4E-602 time dependent analysis 
 
 
 
The pattern of the electrical potential changing from maximum to minimum is 
clearly illustrated in the following 2-D figure. In the following figure the (x-axis) 
is the representing the time progress and the (y-axis) is representing the maximum 
and minimum electrical potential distribution.  
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The following figure is showing the electrical distribution along the beam surface 
(x-axis) and the time progress (y-axis).  
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The following figure is the same as above when we look from different angle. 
This figure shows a clear representation of the ratio between the maximum 
electrical value at the beam fixed end and the at the beam’s area of cross section 
area change.  
 
 
 
 
 
 
Electric Field, norm: 
The following 3-D figure is similar to the presented figure of the electrical 
potential. From this figure, it is noticed that the electric field, norm distribution is 
similar to the electric field distribution, and the maximum electric field, norm 
value is found at the beam’s fixed end as (1.057e06 V/m).   
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Figure 14: Electrical field profile for T105-H4E-602 time dependent analysis 
 
 
 
Following are three snap shots of the above 3-D figure in 2-D plane. 
The following figure is showing the relationship between the beam length (x-axis) 
and the time progress (y-axis). The discoloration indicates the pattern of the 
electric field change between time and the beam length.  
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The following figure is representing the relationship between the time progress 
(x-axis) and the maximum electric field, norm value. 
 
 
 
 
The following figure shows the maximum electric field, norm value (x-axis) and 
with respect to the beam’s length (y-axis). 
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Lastly, all the previous results of the time-dependent analysis are for a dynamic 
load that vibrates with 215 Hz. To find the effects of changing the frequency of 
the dynamic load when it deviate further from the first natural frequency (201.67 
Hz), another analysis are carried out for the same model with the change of the 
dynamic load frequency from 215 Hz to 250 Hz. The results for the 2 frequencies 
are summarized in the following table.   
 
2.1.4. Results Summary: 
 
 
 
Table 5: Results summary for T105-H4E-602 material analysis 
Exciting 
Frequency 
Displacement 
(mm) 
Strain 
(unite less) 
Stress 
(MPa) 
Electrical 
Potential (V) 
Electric Field 
norm (V/m) 
f = 185 Hz 2.429 1.333E-3 112.90 72.774 1.232E6 
f = 195 Hz 3.186 1.751E-3 148.70 98.832 1.667E6 
f = 202 Hz 3.194 1.754E-3 149.30 101.400 1.706E6 
f = 205 Hz 2.993 1.644E-3 140.10 95.926 1.610E6 
f = 210 Hz 2.639 1.446E-3 123.00 85.893 1.442E6 
f = 215 Hz 2.400 1.233E-3 95.92 77.258 1.057E6 
f = 250 Hz 1.305 0.779E-3 59.56 44.429 0.608E6 
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 Figure 15: Electrical potential as a function of external excitation frequency 
 
 
 
From the table above, it is apparent that 2-D the time dependent analysis of the 
beam indicates that as the excitation frequency gets closer to the beam’s natural 
frequency, the maximum displacement increases and consequentially the 
electrical potential increases as well. However, in an attempt to carry out the same 
analysis in the 3-D had failed to converge to any solution. In order for the 3-D 
analysis to give an accurate and reliable result, a fine mesh of the three layers of 
the cantilever beam had to be considered. Unfortunately, due to the thin thickness 
of the beam’s layers and the necessity of having fine mesh, the total number of 
elements in combination with the need of setting so many the time steps have 
made the model exceeds the software maximum limitation. Therefore, 
considering the 2-D analysis was the best candidate in solving the problem in 
hand. Furthermore, the 2-D analysis results should be accurate since the beam is 
symmetric about the longitudinal axis.      
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2.2. PMN32*:         
 
Within this part the FEA analysis is carried out when the top and bottom layers of the 
cantilever beam are of the piezoelectric material PMN32*, and the middle layer is of 
stainless steel material. In this section the geometry, load, and constraints that are 
used in the previous part of the paper will be the same in conducting the same 
analysis. Therefore, in this part and the next one, the steps of modeling are omitted 
and focus is only on the obtained results. The new material properties that are used 
for the PMN32* are defined as follow: 
  
Elastic Matrix [CE]: 
 
Pa
e
e
e
eee
eee
eee
C
⎥⎥
⎥⎥
⎥⎥
⎥
⎦
⎤
⎢⎢
⎢⎢
⎢⎢
⎢
⎣
⎡
=
1067.600000
01014.70000
001014.7000
0001102.11063.91063.9
0001063.91113.11085.9
0001063.91085.91113.1
 
 
Coupling matrix [e]: 
 
2/
00068634.257795.37795.3
0057143.13000
057143.130000
mce
⎥⎥
⎥
⎦
⎤
⎢⎢
⎢
⎣
⎡
−−
=  
 
Relative permittivity matrix: 
 
⎥⎥
⎥
⎦
⎤
⎢⎢
⎢
⎣
⎡
=
126400
033090
003309
rsε
 
 
Density: 
 
  ρ = 8040 kg/m3  
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2.2.1. Static Analysis: 
In this analysis the applied load is a static load of (10KN/m2) that is applied at the 
beam fixed end.  
 
Displacement: 
The following figure shows the displacement pattern that has a maximum value of 
2.153 mm displacement that is found at the beam’s free end. 
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Figure 16: Displacement profile for PMN32* static analysis 
 
 
 
 
Strain: 
In addition to the displacement, the following figure shows the strain distribution 
along the beam’s length, in which, the maximum value of strain found at the 
beam’s fixed end (1.038). 
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Figure 17: Strain profile for PMN32* static analysis 
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Stress: 
The stress distribution is similar to the strain distribution, in which, the maximum 
stress is found at the beam’s fixed end of (26.74 MPa). 
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Figure 18: Stress profile for PMN32*static analysis 
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Electric Potential: 
The maximum electrical potential is found at the same location that has maximum 
strain, that is, the beam’s fixed end. The maximum electric potential found is 
24.279 V. 
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Figure 19: Electric potential profile for PMN32* static analysis 
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Electric Field, norm: 
The following figure shows the electric field, norm distribution. Similar to strain, 
the electric field, norm maximum is at the beam’s fixed end as (3.965e5 V/m). 
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Figure 20: Electric field profile for PMN32* static analysis 
 
 
 
Results Summery: 
 
 
 
Table 6: Results summary for PMN32* static analysis 
Max. Displacement 
(mm) 
Max. Strain 
(unite less) 
Max. Stress 
s(MPa) 
Electrical 
Potential 
(V) 
Electrical 
Field, norm 
(V/m) 
2.153 1.038e-3 26.74 ±24.279 3.965E05 
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2.2.2. Eigenfrequency Analysis: 
As it is illustrated in Part 1, the same steps were followed to find the modes of 
frequency for the cantilever beam. The obtained results is illustrated in the following 
figure and table. 
 
 
 
Table 7: Modes of natural frequency for PMN32*  
Modes of natural frequency (Hz) 
f1 f2 f3 f4 f5 f6 
118.7 568.8 1543.3 3036.7 4973.5 7530.9 
 
 
 
2.2.3. Time-Dependent Analysis: 
To carry out the Time-Dependent analysis one needs to find the beams damping 
coefficients and the excitation frequency of the dynamic load. Since the material 
properties are different than that in Part 1, then, the damping coefficients are different 
as well. Since the first natural frequency of the beam is 118.7 Hz, an excitation of 125 
Hz would be a good choice to the external dynamic load. Also, using the following 
MatLab code, one can determine the damping coefficients of the beam. In this code 
the two chosen frequencies should also be near the excitation frequency. Thus 100 Hz 
and 300 Hz were chosen.  
 
>> b=[0.1;0.1]; 
>> A=[1/(2*100*2*pi) 2*pi*100/2; 1/(2*300*2*pi) 2*pi*300/2]; 
>> dampCoefficients=A\b 
 
dampCoefficients = 
 
  94.2478 
    0.0001 
 
Therefore, the damping coefficients are 94.2478 and 0.0001.  
After setting up the previous damping coefficients, the dynamic force can be written 
as follow: 
 
).125.2sin(.41 teFy π−=  
 
Where, t, is the time factor that the solver should solve at. In order to view the 
behavior of the beam during the first 15 cycles of the dynamic load, one needs to 
calculate the needed time for the 15 cycles. This is calculated as 15 cycles/125 Hz 
(0.12 sec). Additionally, we can set the time intervals at four intervals for each cycle: 
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 .002.0
4*125
1 Sec=  
 
Results: 
The first step in viewing the results is to view how the beam will vibrate with 
respect of time due to the dynamic load. To do that it is required to set the cross 
section parameter as a point with the coordinate (x = 0.031, y = 0.000127) which 
corresponds to the top corner of the beam’s free end as illustrated in Appendix 
B.1. After setting up the coordinates for the point cross section, we need to select 
“Total displacement” in the “Predefined quantities” menu as shown above.  Then, 
we can click Ok to view the displacement diagram for the beam’s free end which 
is illustrated in the following figure. From this figure, one can observe that the 
peak of displacement is about 2.55 mm which is very close to the displacement in 
the static analysis (2.15 mm). However, due to excitation of the beam near its first 
natural frequency, the total displacement escalade until it reaches a maximum 
value of 6.538 mm, then, it follows a sinusoidal pattern that is similar to the 
dynamic load. 
 
 
 
 
Figure 21: Displacement profile for PMN32* time-dependent analysis 
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In addition to the displacement behavior it is desired to view the stress, strain, 
electrical potential, and the electrical filed, norm distributions along the top 
surface of the beam. In such case, instead of using a point cross section, we 
should use a line cross section that extends from the top corner of the beam’s 
fixed end to the top corner of the fixed end. This is illustrated in appendix B.2, 
where, the “predefined quantities” menu allows the user to toggle between 
viewing the stress, strain, electrical potential, and the electrical filed, norm.  
 
Stress: 
Following is the result for the stress distribution along the beam’s top surface. The 
maximum stress found is 98.82 MPa at the beam’s fixed end. 
 
 
 
 
Figure 22: Stress profile for PMN32* time-dependent analysis 
 
 
 
 
The following 3 figures are the projection of the top 3-D figure into the three 2-D 
plans. 
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Strain: 
Following is the result for the strain distribution along the beam’s top surface. The 
maximum strain found is 3.768e-3 at the beam’s fixed end. 
 
 
 
 
Figure 23: Strain profile for PMN32* time-dependent analysis 
 
 
 
 
The following 3 figures are the projection of the top 3-D figure into the three 2-D 
plans. 
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Electrical Potential: 
Following is result for the electrical potential distribution along the beam’s top 
surface. The maximum electric potential found is 94.64 at the beam’s fixed end. 
 
 
 
 
Figure 24: Electric potential profile for PMN32* time-dependent analysis 
 
 
 
The following 3 figures are the projection of the top 3-D figure into the three 2-D 
plans. 
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Electrical Field, Norm: 
Following is result for the Electrical field, norm distribution along the beam’s top 
surface. The maximum electrical field, norm found is 1.308e6 at the beam’s fixed 
end. 
 
 
 
 
Figure 25: Electric field profile for PMN32* time-dependent analysis 
 
 
 
The following 3 figures are the projection of the top 3-D figure into the three 2-D plans. 
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In addition to the results obtained above for a dynamic load that has a frequency 
of 125 Hz, another set of analysis were conducted at another frequency. The new 
considered frequency is 140 Hz. The obtained results for this new excitation 
frequency of 140 Hz in addition to the previous obtained results for excitation 
frequency of 125 Hz are summarized in the following table. 
 
 
2.2.4. Results Summary: 
 
 
 
Table 8: Results summary for PMN32* material analysis 
 Displacement (mm) 
Strain 
(unite less) 
Stress 
(MPa) 
Electrical 
Potential (V) 
Electric Field 
norm (V/m) 
f = 125 Hz 6.538 3.768e-3 98.82 94.64 1.308e6 
f = 140 Hz 4.150 2.293e-3 59.28 55.453 7.854e5 
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2.3. PMN28:         
 
In this part the FEA analysis is conducted for the cantilever beam when the top and 
bottom layers are of the piezoelectric material PMN28, and the middle layer is of 
stainless steel material. The geometry, loads, and constraints that are used in the 
previous two parts will be the same in carrying out the same analysis after changing 
the piezoelectric material properties. The new material properties that are used for the 
PMN28 are defined as follow: 
  
Elastic Matrix CE: 
 
Pa
e
e
e
eee
eee
eee
C
⎥⎥
⎥⎥
⎥⎥
⎥
⎦
⎤
⎢⎢
⎢⎢
⎢⎢
⎢
⎣
⎡
=
1045.300000
01067.60000
001067.6000
0001107.11014.71014.7
0001014.71009.71077.5
0001014.71077.51009.7
 
 
 
 
Coupling matrix e: 
 
2/
00039286.39028571.8028571.8
0006667.17000
006667.170000
mce
⎥⎥
⎥
⎦
⎤
⎢⎢
⎢
⎣
⎡
=  
 
 
Relative permittivity matrix: 
 
⎥⎥
⎥
⎦
⎤
⎢⎢
⎢
⎣
⎡
=
47600
036310
003631
rsε
 
 
 
Density: 
 
ρ = 7690 kg/m3  
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2.3.1. Static Analysis: 
As we used in the previous 2 parts, and for comparison purpose, the applied external 
load is a static load of (10 KN/m2) that is applied at the beam fixed end.  
 
Displacement: 
The following figure shows the displacement pattern that has a maximum value of 
2.584 mm displacement found at the beam’s free end. 
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Figure 26: Displacement profile for PMN28 static analysis 
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Strain: 
In addition to the displacement, the following figure shows the strain distribution 
along the beam’s length, in which, the maximum value of strain found at the 
beam’s fixed end is (1.208). 
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Figure 27: Strain profile for PMN28 static analysis 
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Stress: 
The stress distribution is similar to the strain distribution, in which, the maximum 
stress is found at the beam’s fixed end and it is 27.86 MPa. 
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Figure 28: Stress profile for PMN28 static analysis 
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Electric Potential: 
The maximum electrical potential is found at the same location that has maximum 
strain, that is, the beam’s fixed end. This maximum electric potential is 25.384 V. 
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Figure 29: Electric potential profile for PMN28 static analysis 
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Electric Field, norm: 
The following figure shows the electric field, norm distribution. Similar to strain, 
the maximum electric field, norm, is at the beam’s fixed end as (3.709e5 V/m) 
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Figure 30: Electric field profile for PMN28 static analysis 
 
 
 
 
Results Summery: 
 
 
 
Table 9: Results summary for PMN28 static analysis 
Max. 
Displacement 
(mm) 
Max. Strain 
(unite less) 
Max. Stress 
(MPa) 
Electrical 
Potential 
(V) 
Electrical Field, 
norm (V/m) 
2.584 1.208e-3 27.86 25.384 3.709E05 
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2.3.2. Eigenfrequency Analysis: 
As it is illustrated in Part 1 and 2, the same steps were followed here to find the 
modes of frequency for the cantilever beam. The obtained results are illustrated in the 
following figure and table. 
 
 
 
Table 10: Modes of natural frequency for PMN28 material  
Modes of natural frequency (Hz) 
f1 f2 f3 F4 f5 f6 
109.9 531.7 1442.4 2839.5 4650.0 7038.6 
 
 
 
2.3.3.  Time-Dependent Analysis: 
As it was done in the PMN32 Time-Dependent analysis, the same is repeated here. 
That is, the excitation frequency is chosen as 115 Hz which is near the first natural 
frequency of 109 Hz. Therefore the two frequencies of 100 Hz and 300 Hz can be 
chosen again, for a dynamic load of 115 Hz, to find the damping coefficients as 
follow:  
 
>> b=[0.1;0.1]; 
>> A=[1/(2*100*2*pi) 2*pi*100/2; 1/(2*300*2*pi) 2*pi*300/2]; 
>> dampCoefficients=A\b 
 
dampCoefficients = 
 
  94.2478 
    0.0001 
 
The external force equation becomes as follow: 
 
).115.2sin(.51 teFy π−=  
 
Where, t, is the time factor that the solver should solve at it. In order to view the 
behavior of the beam during the first 15 cycles of the dynamic load, one needs to 
calculate the needed time for the 15 cycles. This is calculated as 15 cycles/115 HZ 
(0.130425 sec). Additionally, we can set the time intervals at four intervals for each 
cycle: 
 
 .002174.0
4*115
1 Sec=  
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Results: 
The first step in viewing the results is to view how the beam will vibrate with 
respect of time due to the dynamic load. To do that it is required to set the cross 
section parameter as a point with the coordinate (x = 0.031, y = 0.000127) which 
corresponds to the top corner of the beam’s free end.  
After setting up the parameters for the point cross section, we need to select 
“Total displacement” in the “Predefined quantities”.  Then, we can click Ok to 
view the displacement diagram for the beam’s free end which is illustrated in the 
following figure. From this figure, one can observe that the first peak of 
displacement is about 3.1 mm which is very close to the displacement in the static 
analysis (2.58 mm). However, due to excitation of the beam near its first mode of 
frequency, the total displacement escalade until it reaches a maximum value of 
about 8.50 mm. 
 
 
 
 
Figure 31: Displacement profile for PMN32 time-dependent analysis 
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In addition to the displacement behavior it is desired to view the stress, strain, 
electrical potential, and the electrical filed, norm distributions along the top 
surface of the beam. In such case, instead of using a point cross section, we 
should use a line cross section that extends from the top corner of the beam’s 
fixed end to the top corner of the fixed end. This is illustrated in the following 
figures, when the a line cross section is chosen. This line cross section starts from 
the top corner of the beam’s fixed end to the top corner of the beam free end.  
 
Stress: 
Following is the result for the stress distribution along the beam’s top surface. The 
maximum stress found is 105.90 MPa at the beam’s fixed end. 
 
 
 
 
Figure 32: Stress profile for PMN32 time-dependent analysis 
 
 
 
 
The following 3 figures are the projection of the top 3-D figure into it’s the three 
2-D plan.  
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Strain: 
Following is the result for the strain distribution along the beam’s top surface. The 
maximum strain found is 4.542e-3 at the beam’s fixed end. 
 
 
 
 
Figure 33: Strain profile for PMN32 time-dependent analysis 
 
 
 
 
The following 3 figures are the projection of the top 3-D figure into the three 2-D 
plans. 
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Electrical Potential: 
Following is result for the electrical potential distribution along the beam’s top 
surface. The maximum electric potential found is 102.873 V the beam’s fixed 
end. 
 
 
 
 
Figure 34: Electric potential profile for PMN32 time-dependent analysis 
 
 
 
The following 3 figures are the projection of the top 3-D figure into the three 2-D 
plans. 
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Electrical Field, Norm: 
Following is result for the Electrical field, norm distribution along the beam’s top 
surface. The maximum electrical field, norm found is (1.461e06 V/m) at the 
beam’s fixed end. 
 
 
 
 
Figure 35: Electric field profile for PMN32 time-dependent analysis 
 
 
 
The following 3 figures are the projection of the top 3-D figure into the three 2-D 
plans. 
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In addition to the results obtained above for a dynamic load that has a frequency 
of 115 Hz, another set of analysis were conducted at another frequency of 130 Hz. 
The obtained results for this new excitation frequency of 130 Hz and the previous 
obtained results for excitation frequency of 115 Hz are summarized in the 
following table. 
 
2.3.4. Results Summary: 
 
 
 
Table 11: Results summary for PMN28 material  
 Displacement 
(mm) 
Strain 
(unite less) 
Stress 
(MPa) 
Electrical 
Potential (V) 
Electric Field 
norm (V/m) 
f = 115 Hz 8.521 4.542e-3 10.59 102.873 1.461e6 
f = 130 Hz 4.912 2.677e-3 62.28 58.425 8.629e5 
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3. SUMMARY 
 
Following are 3 tables that summarize all the obtained results from the three different 
piezoelectric material models analysis: 
 
 
3.1. Static Analysis: 
 
 
 
Table 12: Static analysis results for all three materials 
 Displacement (mm) 
Strain 
(unite less) 
Stress 
(MPa) 
Electrical 
Potential 
(V) 
Electric Field 
norm (V/m) 
T 105-H4E-
602 0.797 3.825e-4 28.94 19.609 3.275e5 
PMN32 2.153 1.038e-3 26.74 24.279 3.965e05 
PMN28 2.584 1.208e-3 27.86 25.384 3.709e05 
 
 
 
3.2. Eigenfrequency: 
 
 
 
Table 13: Eigenfrequency analysis results for all three materials 
 f1 f2 f3 f4 f5 f6 
T 105-
H4E-602 201.66 899.67 2468.88 4795.66 7930.29 11916.04 
PMN32 118.7 568.8 1543.3 3036.7 4973.5 7530.9 
PMN28 109.9 531.7 1442.4 2839.5 4650.0 7038.6 
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3.3. Time-dependent analysis: 
 
 
 
Table 14: Time-dependent analysis results for all three materials 
Excitation 
Frequency 
Displacement 
(mm) 
Strain 
(unite less) 
Stress 
(MPa) 
Electrical 
Potential (V) 
Electric Field 
norm (V/m) 
T 105-H4E-602 
f = 215 Hz 2.400 1.233E-3 95.92 77.258 1.057E6 
f = 250 Hz 1.305 7.794E-4 59.56 44.429 6.083E5 
PMN32 
f = 125 Hz 6.538 3.768e-3 98.82 94.64 1.308e6 
f = 140 Hz 4.150 2.293e-3 59.28 55.453 7.854e5 
PMN28 
f = 115 Hz 8.521 4.542e-3 10.59 102.873 1.461e6 
f = 130 Hz 4.912 2.677e-3 62.28 58.425 8.629e5 
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4. CONCLUSION 
  
The three analysis types of static, eigenfrequency, and time-dependent analysis were 
used in analyzing the piezoelectricity in the three layers cantilever beam. In the static 
analysis, the applied external load of, 100 KN/m2, was the same when different 
piezoelectric material was considered for analysis. The consistency in the value of the 
applied load, geometry, and boundary conditions allowed us to confidently compare 
the obtained results from the static analysis for the three different types of 
piezoelectric material models. Additionally, the comparison reveals that the 
piezoelectric material PMN28 has the highest direct piezoelectricity relationship, in 
which, when the load of 100 KN/m2 was applied on the beam’s free end, the model 
that consists of PMN28 material gave the highest electrical potential of 25.384 V. The 
PMN32 model ranked close second with 24.279 V, whereas the T105-H4E-602 
ranked third with 19.609 V. In addition to the differences in the values of the 
electrical potential, it is not surprising to see that the model that gave the highest 
electrical potential, PMN28, have also the highest electric field, stress, strain, and 
displacement. In fact this is due to the direct relationship in the piezoelectric materials 
between the strain and electrical potential, in which, if one has increased, the other 
will increase as well.    
 The eigenfrequency analysis has helped us in determining the natural frequency 
of the beam, and therefore, setting up the excitation frequency of the dynamic load in 
the time-dependent analysis. It is found that the PMN28 material has the least natural 
frequency of 109.9 Hz, while the PMN32 material has a natural frequency of 118.7 
Hz, and the TH105-H4E-602 has the highest natural frequency of 201.66 Hz.  
However, since the natural frequency changes when the material property changed 
from one model to another, it was necessary to use the same magnitude for the 
dynamic load for all models but with different excitation frequency. The chosen 
excitation frequency for each model was selected to be near the model’s first natural 
frequency, so that the model will experience high vibration. The time-dependent 
analysis has proved that altering the static load with a dynamic load that has an 
excitation frequency near the beam’s resonance will cause that model to have higher 
electrical potential and electric field. For instance, the maximum obtained electrical 
potential from the TH105-H4E-602 composite beam model during the static analysis 
is 19.609 V, whereas the same model gives a maximum of 77.258 V when only 
allowing the static load to vibrate near the beam’s resonance, i.e. introducing dynamic 
load instead of static load.  Additionally, when the frequency of the dynamic load was 
deviated away from the beam’s natural frequency, it was seen that beam will 
experience less electrical potential and electrical field.  
The analysis carried out in this paper was initially started by using the 3D model 
analysis. Due to the small thickness of each layer in the composite cantilever beam, 
and to have a considerable mesh scale, the cantilever beam had to be meshed into a 
large number of elements. The unavoidable large number of elements within the 
model caused the solver to consume a long time to obtain a final solution in addition 
to the un-convergent in the time-dependant analysis. In an attempt to make a 
comparison between some of the 2D results with those obtained form the 3D 
simulation, it was found that the first natural frequency of the 2D model of TH105-
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H4E-602 material is 201 Hz, whereas, the 3D analysis gave a natural frequency of 
221 Hz. The comparison indicates that the difference between the 2D and 3D analysis 
is about 10%. However, carrying out this difference in determining the excitation 
frequency, and in addition to the difference that will be obtained in the time-
dependant analysis, the final results of the 2D and 3D will have a much higher 
differences. 3-D analysis is always recommended in models that doesn’t have any 
forms of symmetry. However, in analyzing models that are symmetric about one axis, 
it is preferred to consider the 2-D analysis. Essentially, the analysis of finite element 
method is to find an approximate solution to the problem in hand. This approximate 
solution should be very close to the exact solution that could be obtained from an 
analytical analysis if it was possible. The 2-D analysis does not give the exact 
solution that one can obtain from the 3-D analysis, but gives another approximate 
solution that is very close to the 3-D analysis solution and the analytical solution as 
well. Furthermore, one essential tool in finding a solution that is very close to the 
analytical solution is the elements meshing size. It is for this reason that the results of 
2-D analysis would be more accurate than the results of 3-D analysis, in which we 
can use a very fine meshing size, whereas we can only use a coarse mesh in the 3-D 
analysis to avoid having a tremendous number of elements that the software could not 
solve.    
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Appendix A  
  
 A.1.   The following 2 figure illustrate how these boundaries can be set in   
  COMSOL: 
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 A.2.   Subdomains Settings: 
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Appendix B: 
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